We discuss theoretical description of pressure induced phase transitions by means of first-principles calculations in the framework of Density Functional Theory (DFT). We illustrate applications of theoretical tools that allow one to take into account configurational and vibrational disorder, considering Ti-V alloys as a model system. The universality of the first-principles theory allows us to apply it in studies of remarkably reach physics in Ti-V system upon compression. Besides the transitions between different crystal structures, we discuss isostructural transitions in bcc Ti-V alloys. Moreover, we present arguments for possible electronic transitions in this system, which may explain peculiar behaviour of elastic properties of V upon compression.
Introduction
Materials properties and their performance in applications are determined by chemical composition, temperature, and pressure. Their variation can give rise to phase transitions, a fascinating problem for fundamental science and an important tool for the materials design. Therefore there is very high interest in developing qualitative understanding, as well as in obtaining quantitative theoretical description of pressure induced phase transitions. The phenomenological theory of phase transitions follows from Gibbs equilibrium thermodynamics. At fixed pressure P and temperature T a system is described by the Gibbs free energy G = E + PV − TS, where E is the potential energy of the system, S denotes the entropy, and V represents volume. On the other hand, for the description of the phase stability by means of the modern first-principles theory of alloys one most often uses the Helmholtz free energy F = E -TS [1] . Thus, the PV term is often left off the theory. A justification for this approach comes from the fact that for equilibria involving only solid and liquid phases, the phase boundaries are typically shifted only by the order of a few hundredths of a degree per bar change in P, and therefore the effect of PV-term upon the phase transitions temperature is often assumed to be negligible [2] . At the same time, for instance, stress or pressure levels in modern cutting operations can be as high as several GPa at the cutting edge of the tools [3] . In the Earth's core studies one deals with pressures up to 360 GPa and temperatures somewhere from 4000 K to 7000 K [4] .
Obviously, the importance of PV-term is well recognized in high-pressure physics. However, here the studies are often focused on the properties of monoatomic solids or ordered compounds. If phase α transforms into phase β in a pure material at equilibrium transformation temperature Tc, Gα=Gβ at Tc. But for complex multicomponent systems, the chemical potential μI must be included, and at the equilibrium the Gibbs-Duhem relation holds:
An important consequence here is that going from pure elements to alloys in studies of pressure induced phase transitions requires a modification of the approach, in which free energies of systems with different crystal structures are directly compared to each other to a proper consideration of alloy thermodynamics [1] , which allows for a coexistence of phases with different compositions. In this work we illustrate applications of theoretical tools that allow one to take into account temperature induced configurational and vibrational disorder in studies of pressure induced phase transitions of Ti-V alloys. We limit ourselves by three close-packed phases, fcc, hcp, and bcc. In particular, we do not consider phase. Ti-based alloys are chosen as a model system because they are important technological materials, e.g. for aerospace and medical applications. Moroover, they exhibit several types of temperature and pressure induced phase transitions, which make them attractive objects for fundamental studies.
Influence of pressure on the lattice stability of Ti-V alloys
Let us start with lattice stability of Ti-V alloys, estimated at zero temperature. The concept of lattice stability introduced by L. Kaufman [5] refers to the differences in the Gibbs energies between different crystal structures of pure elements. The data base of lattice stabilities at T=0K, given by the structural enthalpy differences between different crystal structures ΔH (where H=E+PV) is the corner stone of a powerful tool for calculations of phase diagrams, the so-called CALPHAD approach. The concept is easily generalized for the case of alloys, and it provides the understanding of phase transformations at fixed composition, like martensitic phase transformations or phase transitions in experiments, where the diffusion is artificially suppressed.
DFT calculations of the enthalpies for bcc, fcc, and hcp Ti-V alloys were carried out using the exact muffin-tin orbital (EMTO) method combined with the coherent potential approximation (CPA) [6] . The methodology is known as an efficient tool for theoretical simulations of random alloys, though the absolute values should be taken with some care because of the neglect of the contribution from the local distortions of the crystal lattice in the CPA. Also, recently it has been demonstrated that potential energies in systems with mechanical or dynamic instabilities may depend strongly on the temperature [7] . As will be shown in Secs. 4 and 5, these are important issues for Ti-V system. However, neither of these effects should influence the calculated trends, which are of primary importance for this study, and which are reliably predicted by the EMTO-CPA calculations, as will be shown below. The accuracy of the calculated lattice stabilities for the pure elements Ti and V using the EMTO method in comparison to other first-principles methods has been demonstrated in [8] . To facilitate the understanding of the stability trends in Ti-V alloys, we express the results in the form of total mixing enthalpies:
H are the enthalpies of the pure alloy components, calculated in their respective ground state crystal structures. The results are shown in Fig. 1 . Unfortunately, we are unable to find any experimental information on the mixing enthalpies for this system, even at ambient pressure. As a matter of fact, this underlines the importance of theoretical simulations.
At the same time, our calculations reproduce known experimental trends in Ti-V system. Indeed, fcc Ti-V alloys always have higher enthalpies, at least within the pressure range considered in this work. This is in agreement with experiment. We therefore will not discuss them in the remaining part of this paper. At low temperature Ti-V system is characterized by a tendency towards a phase separation into hcp Ti-rich and bcc V-rich phases, in complete agreement with the behaviour of the mixing enthalpy shown in Fig. 1 . As a matter of fact, this underlines the necessity to considering phase equilibria in alloys, allowing for coexistence of phases with different compositions. But in terms of the lattice stability problem, the enthalpy difference between bcc and hcp Ti-V alloys decreases rapidly when V is added to Ti (Fig. 1) . This is in agreement with experiment as well. Indeed, V is known as a β-Ti stabilizer (it stabilizes the bcc phase).
Importantly, this tendency becomes stronger with increasing pressure. Considering phase transitions at fixed alloy composition, the bcc phase is getting more favourable with respect to the hcp phase from the enthalpy point of view at about 22 at. % of V at ambient pressure. At 10 GPa the crossover occurs at smaller concentration ~18 at. % V (Fig. 1) . The observed stabilization of the bcc phase can be explained by the electronic structure effects in the framework of the so-called canonical d-band model [9] . According to it Ti, being within the hcp-phase stability field, is close to the hcp-bcc boundary. Thus, increasing number of d-electrons in the system should stabilize the bcc phase. Because V has more electrons, alloying it with Ti increases the d-band filling. Moreover, pressure increases it even further due to the s-to d-electrons charge transfer mechanism. Thus, both, the alloying of Ti with V and the application of pressure stabilize the bcc phases in Ti-V system. 
Influence of pressure on the stability of solid solution phase against isostructural decomposition
Isostructural phase transitions are common in systems with a tendency towards phase separation. They can proceed via spinodal, as well as via nucleation and growth mechanisms. In Ti-V systems bcc solid solutions are of interest in this respect. The experimental situation here is somewhat controversial: one can find phase diagrams with or without the isostructural phase separation line. In Fig. 2  is positive, indicating a tendency towards the phase separation. The strength of the clustering could be somewhat overestimated due to the neglect of the local lattice relaxations effect in the CPA, which should make the enthalpy less positive. On the other hand, the clustering effects are believed to be present in bcc Ti-V alloys, in agreement with our calculations. But relatively small values of
 may explain the above mentioned controversy between different Ti-V phase diagrams. Of higher interest for this study is to consider the effect of pressure on the stability of solid solution phases against the isostructural decomposition. As a matter of fact, using the model proposed by Alling et al. in [10] , one can understand it from deviations of the concentration dependence of atomic volumes from the linear behaviour (from the Zen's law) [11] . Alling et al. showed that negative (positive) deviations of V from the Zen's law should lead to more negative (positive) values of the mixing enthalpy, thus making the alloy more (less) stable. In the right panel of Fig. 3 one sees that V in Ti-V system follows the Zen's law very well. Thus, the effect of pressure on
 is expected to be quite weak. This is essentially what is seen in our firstprinciples calculations, left panel in Fig. 2. 
Influence of pressure on the mechanical stability
Nowadays it is well recognized that the analysis of thermodynamic stability of alloys, considered in Secs. 2 and 3 should be complemented by an analysis of their mechanical and dynamical stability. Below we carry it out for the end member elements, pure V and Ti. Let us start with the former. For cubic crystals the mechanical stability criterion is given by the following relation between its elastic moduli: 
In this work the pressure dependence of the moduli were calculated by the EMTO method as described in [8] . The results are shown in Fig. 3 . The left panel confirms that our calculations are in good agreement with earlier calculations [12] . BCC V is mechanically stable at ambient pressure, but it becomes unstable according to Eq. (3) around 125 GPa in our calculations. The transition is well described in the literature [12] . Going beyond the known facts, we analyse it in more details. In the right panel of Fig. 3 we show variation of the total energy E of bcc V as a function of square of distortion, δ 2 , used for calculations of the elastic moduli [12] (in case of C44 a monoclinic distortion is used). Usually, the dependence is linear for δ within the elastic limit. This is indeed the case for bcc V at low pressure, where it is mechanically stable. However, the behaviour becomes really peculiar when the transition pressure is approached. In principle, singularities of elastic constants may indicate the presence of so-called electronic topological transition, associated with a change of the Fermi surface topology [13] . Clearly, the peculiar behaviour E vs δ 2 seen in Fig. 3 deserves further, more detailed study.
Theoretical description of temperature induced dynamical stabilization of bcc Ti
As a matter of fact, mechanical instability considered in Sec. 4 represents just a particular case of a more general phenomenon, the dynamical instability. The latter manifests itself in calculations by the appearance of imaginary frequencies on the phonon spectra of unstable materials, like shown in the left panel of Fig. 4 for bcc Ti. The imaginary frequencies indicate that any perturbation with the corresponding wave vector should destroy the bcc structure of Ti, and therefore it cannot exist. However, these results are obtained at T=0K, while bcc Ti is stable only at high temperature, and it is well accepted that it is stabilized by anharmonic effects. To deal with such strongly anharmonic system as bcc Ti, Helmann et al. have developed a novel approach, the temperature dependent effective potential method (TDEP) [15, 16] . We have applied TDEP to simulate the phonon dispersion relations of bcc Ti at T=1500K. The methodological details have been the same as in [15, 16] . The results are shown in the right panel of Fig. 4 , together with experimental spectrum from [14] . One can clearly see that TDEP is capable to capture the transition from dynamical instability to dynamical stability in bcc Ti upon its heating. Moreover, the calculated phonon dispersion relations are in very good agreement with experiment. Figure 4 (colour online). Phonon dispersion relations for bcc Ti, calculated within the state-of-theart quasiharmonic approximation at T=0 K (left) and with temperature dependent effective potential method at T=1500 K (right). Negative frequencies denote imaginary numbers. Experimental results from Ref. [14] are shown in the right panel by stars. They are obtained at T=1293 K.
Summary
By means of first-principles calculations we have investigated the influence of pressure on structure and stability of Ti-V system, considering effects of configurational and vibrational disorder. We have observed that the application of the pressure has stabilized the bcc phases of Ti-V alloys relative to the hcp phase, but has little effect on the isostructural decomposition of bcc solid solutions. We have explained the former by the filling of Ti d-band upon the compression, and the latter by using the thermodynamic model of Alling et al. [10] . Considering the pressure dependence of elastic moduli of bcc V, we have presented arguments for possible electronic transitions in this system. Considering temperature induced stabilization of bcc Ti, we have illustrated applicability of a novel method, TDEP, for simulations of strongly anharmonic solids. Its implementation for the case of solid solution phases will greatly strengthen capability of theory to study pressure induced phase transitions in complex materials.
